The state of a static spherically symmetric relativistic axionically active multi-component plasma in the gravitational, magnetic and electric fields of an axionic dyon is studied in the framework of the Einstein -Maxwell -Boltzmann -axion theory. We assume that the equations of axion electrodynamics, the covariant relativistic kinetic equations, and the equation for the axion field with modified Higgs-type potential are nonlinearly coupled; the gravitational field in the dyon exterior is assumed to be fixed and to be of the Reissner-Nordström type. We introduce the extended Lorentz force, which acts on the particles in the axionically active plasma, and analyze the consequences of this generalization. The analysis of exact solutions, obtained in the framework of this model for the relativistic Boltzmann electron-ion and electron-positron plasmas, as well as, for degenerated zerotemperature electron gas, shows that the phenomena of polarization and stratification can appear in plasma, attracting the attention to the axionic analog of the known Pannekoek-Rosseland effect.
I. INTRODUCTION
The effect of electric polarization of the equilibrium multi-component plasma in the external gravitational field is known from twenties of the last century due to the classical works of Pannekoek [1] and Rosseland [2] . This effect was described, first, in the context of electric polarization of the non-relativistic electronion isothermal plasma in the external newtonian gravitational field. Since the rest mass of the ion exceeds the electron mass, the profile of the ion density in the gravitational field, designed with respect to altitude, differs from the profile of the electron density, thus violating the local electric neutrality of the equilibrium isothermal plasma. As a consequence, the compensating electric field, known as the Pannekoek -Rosseland electric field, appears in the plasma. This model became very convenient for various applications to the Earth's, Solar and pulsar plasmaphysics in non-relativistic and relativistic versions, for weak and strong gravitational fields (see, e.g., [3] [4] [5] [6] [7] [8] and references therein).
All the known calculations of the PannekoekRosseland electric field in plasma are based on the Faraday -Maxwell version of electrodynamics. Nowadays, there exists a serious interest to astrophysical applications of its extension, the axion electrodynamics, which involves into consideration massive pseudo-Goldstone bosons [9] [10] [11] , interacting with photons. These light bosons (axions in modern terminology) are the most probable candidates to the dark matter particles [12] [13] [14] [15] [16] [17] [18] [19] [20] , and their contribution into the Universe energy balance is estimated to be about 23%. There are two constitutive elements in the axion electrodynamics: first, the electromagnetic field with the vector potential A k , second, the pseudoscalar field φ. The simplest Lagrangian of interaction between the pseudoscalar field * Electronic address: Alexander.Balakin@kpfu.ru † Electronic address: groshevdmitri@mail.ru
and photons was introduced in [21] ; its modifications and new applications have been considered in many works (see, e.g., [22] [23] [24] [25] ). In the works [26] [27] [28] various aspects of the theory of the axionically active relativistic plasma were studied; in particular, the propagation of transversal electromagnetic waves with subluminal phase velocity, which can not exist in the standard plasma, but can appear due to the axion-photon coupling, was described.
In 1987 Wilczek [23] discussed the idea of axionic dyon, which can be effectively formed if a magnetic monopole is immersed into an axionic environment. In such object the pseudoscalar (axion) field produces the radial electric field in the presence of the radial magnetic field. Later this model was studied in the framework of the full-format Einstein-Maxwell-axion theory in the context of description of horizons of axionic black holes [29] . In [30] it was shown that the axionic dyon can possess a regular electric field equal to zero at the center. The next step is to use the model of axionic dyon as a "theoretical laboratory" for modeling of physical processes in the exterior of this object, under the assumption that the axionic dyon can possess strong gravitational, magnetic and electric fields.
In this paper we consider the polarization of relativistic plasma taking into account the axionic analog of the Pannekoek -Rosseland effect in the plasma surrounding the axionic dyon. The idea is the following. Let us imagine the magnetic monopole with strong radial magnetic field, pseudoscalar (axion) field and relativistic multi-component plasma in the object exterior. The axion-photon interactions produce the radial electric field [23] , thus inducing the plasma polarization of the first type. Also, the multi-component plasma is polarized in the strong gravitational field of the monopole; it is the polarization of the second type. We use the term axionically active plasma in analogy with the wellknown term magneto-active plasma. In the magnetoactive plasma the interaction of charged particles with the magnetic field is known to lead to various sophisticated phenomena. In the axionically active plasma the axion-photon coupling is assumed to be the source of new effects in plasma.
A number of questions arises, when we consider the physical sense of such model. The first series of questions concerns the profile of the resulting electric field in the polarized plasma. Is the mutual compensation of the electric fields of the first and second types possible? Does the plasma stratification, resulting from this polarization, exist? What is the typical size of the electric stratum in the polarized plasma? The second series of questions is focused around the polarization of electron-positron plasma, which can surround the object with a strong magnetic field. The classical PannekoekRosseland effect in the electron-positron plasma is absent, since the masses of the electrons and positrons coincide. However, the dyon possesses a radial electric field induced due to the axion-photon coupling, thus the electron-positron plasma has to be inevitably polarized. One of the question arising in this context is about the plasma reaction: can the cumulative effect lead to a self-compensation of the electric field, or, on the contrary, to the plasma stratification?
The third series of questions is connected with the problem of axionic modification of the Lorentz force. The Lagrangian describing the axion electrodynamics contains two invariant terms: [21] ); the first one is constructed using the Maxwell tensor F mn , while the second term includes the dual Maxwell tensor (pseudotensor) F * mn , multiplied by the pseudoscalar φ. We formulate the hypothesis that the force, which acts on the plasma particles in the electromagnetic and axion fields (the axionically extended Lorentz force) can be represented using the linear combination F mn + νφF * mn instead of pure F mn . The parameter ν is equal to zero, if the true force is the pure Lorentzian one, and ν = 1, if there exists an equivalence between these two terms, F mn and φF * mn . We made the calculations for both cases ν = 0 and ν = 1, keeping in mind that the predictions of theory could be tested, and the true value of the parameter ν be estimated from astrophysical observations.
We analyze the state of the static spherically symmetric equilibrium plasma configuration in the framework of Einstein-Maxwell-Boltzmann-axion theory. This means the following: the gravitational field in the dyon exterior is presented by the ReissnerNordström solution to the Einstein equations; the electric and magnetic fields are the solutions to the equations of axion electrodynamics with the sources generated by the plasma and axion field; the distribution functions for the components of plasma are the solutions to the relativistic covariant kinetic equations; the pseudoscalar (axion) field is described by the solution to the master equation with electromagnetic source. To be more precise, we consider the plasma in an equilibrium state, and introduce the covariant relativistic version of the Fermi-Dirac distribution function; then, as the first limiting case, we study the Boltzmann plasma; the second limiting case is the degenerated electron gas with the temperature T 0 = 0.
We assume that the potential of the pseudoscalar (axion) field is presented by the modified Higgs-type
The basic value Φ is not now the constant, it is the function of the modulus ξ = ξ k ξ k of the time-like Killing vector ξ k , which characterizes the static spacetime formed by the axionic dyon. The scalar ξ predetermines the structure of the equilibrium distribution functions of plasma particles entering the formula for effective local equilibrium temperature. We consider the electrodynamic equations, kinetic equations and the equation for the axion field to be nonlinearly coupled; the gravitational field in the dyon exterior is assumed to be fixed.
The paper is organized as follows. In Section II, we establish the model, represent the distribution functions as solutions to the extended kinetic equations (see Subsection A), derive key equations for the electromagnetic (see Subsection B) and pseudoscalar (axion) (Subsection C) fields, as well as, present two specific sub-models with ν = 1 and ν = 0 (see Subsection D), which admit the decoupling of the set of master equations. In Section III, we study the reference model, in which the plasma response vanishes, the electric field is predetermined by the axionically deformed magnetic field, and the pseudoscalar field coincides with the basic value φ = Φ(ξ). In Section IV we consider in detail the models of axionically active relativistic Boltzmann electron-ion plasma. In Section V we study the axionically active Boltzmann electron-positron plasma. In Section VI we analyze the polarization of a degenerated zero-temperature electron gas. Section VI contains discussion and conclusions.
II. THE MODEL
The Einstein-Maxwell-Boltzmann-axion model under consideration can be indicated as the two-level hierarchical model, which contains gravitational, pseudoscalar (axion), electromagnetic fields, and a relativistic multi-component plasma. The first (basic) level of this hierarchical stair is occupied by the gravitational field. The spacetime is assumed to be spherically symmetric and static, and is predetermined by the matter, magnetic and electric field inside the object; the gravity field outside of the object is assumed to be known and to be described by the metric
The standard metric coefficient N (r) in the outer region can be modeled using the Reissner-Nordström solution [31] 
where
is the Schwarzschild radius, and r When r g > 2r µ , there are two horizons for this metric:
We assume that the radius of the object, r 0 , exceeds the radius of outer horizon r + ; we consider the plasma and electromagnetic field in the region r > r 0 > r + .
The spacetime with such metric admits the existence of the time-like Killing vector ξ i = Bδ i 0 , where B is arbitrary constant. The modulus of the four-vector ξ i can be expressed in terms of the metric function N (r) as follows:
Three coupled elements are arranged on the second level of the hierarchical stair: the plasma, pseudoscalar and electromagnetic fields. We assume these elements inherit the symmetry of the surrounding gravitational field; below we will formulate mathematically this requirement.
A. Relativistic axionically active plasma in the equilibrium state: Kinetic description
Covariant relativistic kinetic equations for the multi-component plasma
For the description of the state of relativistic multi-component plasma we use the set of covariant kinetic equations of the Boltzmann type [32] [33] [34] 
Here f a is the 8-dimensional distribution function describing the particles of the sort "a"; the four-vector p i stands for the particle momentum, this quantity is considered to be random variable in the kinetic approach. The term m a relates to the particle mass; this quantity depends on the sort index a. The Cartan derivativê
contains the standard covariant derivative ∇ i , and symmetric Christoffel symbols Γ j ik = Γ j ki . The term I ab describes the Boltzmann integrals of collision between particles of sorts a and b (see, e.g., [32] for details). The four-vector F i a presents the force, which acts on the particle of the sort a; we use here the extended Lorentz force, which has the form
In (7) e a is the electric charge of particles of the sort a; F mn is the Maxwell tensor and
contains the absolutely skew-symmetric symbol E ikmn and the square root of the determinant g = det g ik . The function φ describes the dimensionless pseudoscalar (axion) field. The quantity ν is the dimensionless parameter. When ν = 0 we deal with the standard Lorentz force; when ν = 1 the extended Lorentz force (7) is symmetric with respect to replacement F ik with φF * ik . For arbitrary ν the effective force is of the gyroscopic type, i.e., the divergence
equal to zero identically. This means that there are two equivalent representations
of the force terms in the kinetic equations (5).
Collision integrals and equilibrium state
We consider below elastic collisions between relativistic fermions only. The corresponding collision integrals are assumed to be in the following standard form:
Here the symbol p relates to the momentum four-vector p k of the particle of the sort a before the collision; p ′ relates to the momentum after collision; the symbol q corresponds to the particle of the sort b. The particle number functions n a (p) are proportional to the distribution function f a = h −3 ρ a n a with the Planck constant h and degeneration factor ρ a = 2s a +1 (below we use ρ a =2 for fermions with the spin s a = 1 2 ). The quantity W (p, q|p ′ q ′ ) describes the probability of the event that the collision of the pair of fermions with momenta p and q gives the pair with momenta p ′ and q ′ . As usual, we assume that
The symbol dP denotes the invariant measure of integration in the momentum space
where the delta function provides the normalization rule for the momentum four-vector, and the Heaviside function H(p k V k ) with a macroscopic medium velocity V k provides the only positive part of the particle energy to be included into the integral (see, e.g., [32] for details). In the equilibrium state, when I ab = 0, we obtain that n a is the known Fermi-Dirac function
containing the function
linear in the particle four-momentum. The quantity U includes the set of functions M a (x) depending on the sort index. The four-vector ξ k (x) is unique for all sorts of particles [32] . The function (12) turns the left-hand side of (5) into zero, when
When all particles are massive, the first term, quadratic in the particle momenta, vanishes if
where L ξ g ik is the Lie derivative of the metric tensor. In other words, ξ k has to be associated with the Killing vector [31] . In order to provide the convergence of all macroscopic moments of the distribution functions we require, as usual, this vector to be time-like, ξ k ξ k > 0. Keeping in mind the physical sense of the parameters in the distribution functions, we have to choose the multiplier B in the modulus of the Killing vector as follows (see (4) ):
The parameter k B is the Boltzmann constant, and the parameter T 0 has the dimensionality of temperature. Then we rewrite the second term in U (13) in the form
using the normalization condition ; in fact, this quantity plays the role of a "geometric temperature", since it appears as a scalar reciprocal to the modulus of the time-like Killing vector. Second, we defined the square of spatial momentum
and have written the component p 0 of the particle fourmomentum as
The second necessary condition, which follows from (14)
links the scalars M a with the Maxwell tensor, its dual and the axion field. For each sort index, the set (20) contains four equations for determination of one quantity M a ; these four equations are compatible when the commutator of derivatives vanishes
We assume that the axion field inherits the symmetry of the spacetime, and thus £ ξ φ = 0. In terms of the Lie derivative the equation (21) with (20) can be written in the covariant form
In the absence of the axion field, i.e., when φ = 0, we obtain from (22) the well-known requirement £ ξ F jk = 0, which means that the Maxwell tensor also inherits the spacetime symmetry. In the general case, (22) extends the symmetry inheritance condition by involving the pseudoscalar field into this relationship. When we deal with the spherically symmetric static field configuration, the functions M a are considered to depend on the radial variable only, thus the compatibility condition (21) becomes trivial, and four equations (20) can be reduced to one, if only two quantities are nonvanishing, F 0r = 0, and F * 0r = 0. In other words, the Maxwell tensor F ik has only two nonvanishing components, F 0r and F θϕ , which describe the radial static electric and magnetic fields of the axionic dyon, respectively. We use the same ansatz as in [23] :
Here and below the prime denotes the derivative with respect to the indicated argument. Keeping in mind that for the metric (1) we obtain √ −g = r 2 sin θ, we can see that for given field configuration the first subset of Maxwell equations ∇ k F * ik = 0 is satisfied identically:
According to the formula (20) , for this field configuration there exists only one nontrivial equation for determination of the quantity M a , namely
The solution to (25) is
where the specific value of the radial variable r * appears as a constant of integration (as an example, one can use the radius of the object, r * =r 0 ). Thus, the Fermi-Dirac equilibrium distribution functions (12) with (13) can be reconstructed using (26) and (17) . The symbolM a (r * ) stands for the chemical potential of the ensemble of particles of the sort a on the sphere with radius r * . Let us consider two cases in more details: the relativistic Boltzmann plasma and degenerated electron plasma with temperature equal to zero.
Equilibrium distribution functions for a relativistic
Boltzmann plasma
When we deal with a relativistic Boltzmann plasma the quantity e U in (12) is much bigger than one, and the distribution function can be presented in the following standard form:
where the functions A a (r) are introduced instead of M a (r) by the rule
The first moments of the distribution functions
are calculated using integration over the invariant volume in the momentum space dP (11). The macroscopic velocity V i in the Heaviside function in (11) is presented
. Clearly, the integrals (30) vanish, if i = r, i = θ, i = ϕ, because of the symmetry of the equilibrium distribution functions with respect to p r , p θ and p ϕ , respectively. Thus, the first moments N i a (r) have the structure
.
(31) The last integration with respect to p gives
is the dimensionless function of radial variable, which gives the ratio between rest energy m a c 2 and local thermal energy k B T (r). The term
relates to the McDonald function (see, e.g., [32, 35] ). The quantity N a (r * ) describes the number density of particles of the sort a on the sphere of radius r * ; indeed, if we calculate the square of the four-vector (32) at r = r * , we obtain the following value of this scalar
Equilibrium distribution function for a degenerated electron gas
When T 0 = 0, the Fermi-Dirac distribution function of electrons is known to convert into the Heaviside function
where the threshold Fermi energy is the following function of the radial variable:
The four-vector N i e is given now by the formula
where the Fermi momentum
can be expressed either in terms of Fermi energy (35) , or in terms of scalar of local electron number density N e (r). As for the constantM e (r * ), it can be presented as follows
i.e., it is proportional to the value of the Fermi energy at r=r * .
B. Equations of axion electrostatics
The basic set of electrodynamic equations can be obtained by the variation procedure with respect to the potential A i applied to the action functional
Here R is the Ricci scalar; L (m) is the total Lagrangian of the matter and plasma particles, it can depend, in general case, on the pseudoscalar field φ and on the electromagnetic potential A k . The parameter Ψ 0 is connected with the constant of the axion-photon coupling g Aγγ = 1 Ψ0 (g Aγγ < 1.47 · 10 −10 GeV −1 , see, e.g., [36] ); the quantity V is the potential of the axion field. The variation procedure yields
The electric current I i is assumed to be produced by the charged plasma particles only, and thus one can represent this four-vector using the sum of the first momenta of the plasma distribution functions:
Finally, we obtain the following nonlinear equations of axion electrodynamics in the axionically active plasma:
The first momenta of the distribution functions are calculated above; below we attract the attention to the key equations of plasma electrostatics for two special cases: the Boltzmann plasma and degenerated electron gas.
Key electrostatic equation for the Boltzmann plasma
For the Boltzmann plasma with the distribution function (27) and its first moment (32), the key equation of the axion electrostatics takes the form:
(43) Clearly, it is convenient to make the following definition
Also, we assume the electric field to have the Coulombtype asymptote, i.e.,
where the effective parameter ε is non-negative, ε ≥ 0.
Key electrostatic equation for degenerated electron gas
When we deal with the distribution function (34) and its first moment (36), we obtain the following key electrostatic equation:
One specific detail appears in this equation in comparison with the one obtained for the Boltzmann plasma: there exists, generally speaking, at least one sphere of a finite radius, say, r F , for which the right-hand side of the equation (46) vanishes.
For r > r F the right-hand side of this equation becomes imaginary. In other words, we deal with a layer r * < r < r F in which the degenerated electron gas is arranged; clearly, the distribution of this gas is inhomogeneous, the gas is polarized, and one can say that the compensating electric field is created with participation of the axionically active plasma in the gravitational field. The analysis of obtained equations of plasma electrostatics will be done in next Sections.
C. Key equation for the pseudoscalar (axion) field
Variation procedure with respect to φ gives the key equation for the axion field in the following form:
(here for the sake of simplicity we assume that the Lagrangian of matter does not depend on the axion field). This equation can be written as
Our ansatz is that the potential of the axion field is of the Higgs type
but the quantity Φ is not constant, and depends now on the metric coefficient N (r), i.e., Φ(N (r)). Equivalently, one can say, that Φ depends on the modulus of the Killing vector, or on the equilibrium temperature of the plasma. The values φ = ±Φ indicate the local minima of the potential; the positions and depths of these minima depend on the distance to the center. We consider below the solutions, for which φ(r) = +Φ(r). Then the equation (49) can be integrated immediately, yielding
The constant of integration K is connected with the value of the derivative of the axion field at the sphere r = r * .
D. Two special versions of the set of key equations for the Boltzmann plasma 
52) happens to be decoupled from the equation for the axionic field. There are two sources in the right-hand side of this equation: first, the source proportional to the axionic "charge" K; second, the source provided by plasma. When the electric potential Θ(r) is found, the distribution of the pseudoscalar field can be described by the solution to the equation
The solution to (53) can be written in quadratures
(See (3) for definition of r + and r − ). If the electromagnetic field has the Coulombian asymptote, we obtain
This difference is positive when K > 0.
2. The case ν = 1: There is intrinsic symmetry in the axionic modification of the Lorentz force
When the tensors F ik and φF * ik enter the Lorentz force symmetrically, i.e., ν = 1, we can, clearly, introduce the super-potential Ψ(r) as follows:
so that the corresponding master equation does not contain the axion field explicitly
The super-potential is assumed to satisfy two conditions:
When the solution for Ψ(r) is found, we can obtain the pseudoscalar field from the equation
and then reconstruct Θ(r) using the relation (56).
III. REFERENCE MODEL: THE BOLTZMANN PLASMA RESPONSE IS ABSENT
Let us consider, first, the model in which the righthand side of the equation (43) is equal to zero. As it will be shown below, this situation can occur, in principle, at least in three cases, first, when one deals with the electron-positron plasma; second, when the generalized Lorentz force contains F mn and φF * mn in a symmetric form; third, when plasma effects are negligible.
A. Key equation for the axion field, and its fundamental solutions
We deal now with the set of two coupled differential equations of the second order:
and, clearly, the equation for the axion field can be decoupled. Indeed, the electric potential can be expressed in terms of derivative of the axion field using (61):
This formula contains the quantityΦ defined as
We assume that this quantity is finite. In these terms the key equation for the axion field takes the form
its solution gives the profile of the axion field in the outer zone of the magnetic monopole. The key equation (64) can be analyzed as follows. First of all, we introduce the dimensionless radial variable x, using the relationships
and add two convenient parameters
There is, of course, the limiting (extremal) case, when
but below we consider the case a < 1 only. The parameter r A describes a new distance, which characterizes the interaction between the magnetic field of the monopole and axionic field. Since in our model r > r + , we see that x > 1. In these terms, the equation (64) can be rewritten as
(68) As usual, the solution to the equation (68) Φ
is a linear combination of two fundamental solutions Y (1) (x) and Y (2) (x). The Wronsky determinant for these fundamental solutions is of the form
For the determination of the integration constants, we can use the formulas
Here and below we use the convenient quantity x * ≡ r * r+ .
B. Remark concerning the Fuchs-type functions
The equation (68) can be obtained from the Fuchstype equation
(see, e.g., [35, 37, 38] ), if to choose the parameters as follows: (1) (x * )=0. For illustration, we depict three curves corresponding to three sets of the parameters (a, p2) (these quantities are indicated on the plot near the corresponding curves). We put x * =2. The vertical line x=1 relates to the outer horizon; the value x=x0=1.5 relates to the radius of the dyon. The function is monotonic for x > x * =2. The profiles of the function Y (1) (x, a, p2) have horizontal asymptotes at x → ∞; these asymptotic values are indicated on the plot by the corresponding horizontal lines.
Using the Fuchsian relation (see, e.g., [37, 38] for motivation of this requirement)
we obtain additionally β = 1; the parameter γ remains hidden. This means that in the model under consideration the pseudoscalar fieldΦ is described by the Fuchstype function with the parameters (74). Also this function can be indicated as generalized Heun's function (see, e.g., [39] and references therein); the corresponding equations are well studied in the context of searching for generalized spherical wave functions. Typical sketches for the fundamental solutions Y (1) (x) and Y (2) (x) are presented on Figs.1-2.
IV. RELATIVISTIC BOLTZMANN ELECTRON -ION PLASMA
In this Section we assume that plasma contains electrically charged particles with different masses m a , our purpose is to describe the total plasma polarization produced both: by coupling photons to axions, and by coupling of massive fermions to the gravity field.
A. Plasma with the standard Lorentz force, ν = 0
In the regime, when the electrostatic energy per one particle is much smaller than its average kinetic energy, i.e., eaΘ kB T0 << 1, one can represent the exponen- 
is produced by the plasma polarization in the gravitational field and is, in fact, the local density of the electric charge in the axionically active polarized plasma. The second source is proportional to the effective axionic charge K. Also, we introduced the following auxiliary function:
the function R * (r) describes the local (depending on the position) screening radius.
B. Recovering the standard Pannekoek-Rosseland effect
When the axion field is absent, and µ = 0, there is only one source I * in the right-hand side of the equation (76); first of all, we consider the non-relativistic version of this source in order to recover the known results. Non-relativistic limit means that λ a >> 1, and we can use for calculations the leading order term in the asymptotic decomposition of the McDonald function:
When we consider the plasma far from horizon, i.e., when r > r * >> r + , one can obtain the classical formula for the local charge density in plasma:
In this limit the quantity
where λ D is the classical Debye radius [32] . In particular case, when one deals with the layer near the Earth surface, r = r * =R 0 , and z is the altitude z ≃ r−R 0 << R 0 , one can consider the model equation for the electric potential written as follows:
where g=
is the acceleration of free fall on the Earth surface, A 0 (R 0 ) = 0. The local electro-neutrality is violated and the electric potential Θ(z), which satisfied the conditions Θ(0) = 0, Θ(∞) = 0, is of the following form
where α a ≡ mag kB T0 . Various physical consequences of this formula are discussed in literature (see, e.g., [1] [2] [3] [4] [5] [6] [7] [8] ).
C. High temperature plasma
When we consider the plasma configurations in astrophysical systems with strong gravitational and magnetic fields, we deal in fact with particles whose kinetic energy (in average) is of the order or exceeds the rest energy, k B T 0 > m a c 2 . For numerical calculations we use below the whole relativistic representation of the electric source (77), however, in order to have an analytical progress in our calculations, in this Section we assume that λ a = mac 2 kB T0 << 1. Asymptotic behavior of the function K 2 (λ a ) at λ a → 0 is characterized by the well-known principal limit (see, e.g., [32] )
For our purposes we need at least two terms of the asymptotic decomposition; the extended procedure of this decomposition is the following. First, we consider the definition of the McDonald function with integer index ρ = 2 as the limit [35]
and transform this limit by the L'Hospital rule
(86) Here ψ(s) is the logarithmic derivative of the Euler Gamma function [35] 
Then we use the properties of this functions:
where γ is the Euler -Mascheroni constant
and find that two first terms in the decomposition with respect to small argument z are
Next terms are of the order ∝ z 2 lnz; asymptotically they tend to zero, so we restrict our-selves only by the decomposition (90). Using this approximation in the formula for the local charge density
(91) we see that the main term disappears because of electroneutrality condition a e a N a (r * ) = 0. The term of the next order gives
The screening radius is predetermined by the formula
. (93) The corresponding key equation for the electric potential is of the form
If this equation is solved and the profile Θ(r) is reconstructed, one can find the pseudoscalar field distribution using the formula (54). Let us analyze the solutions in the so-called far zone and near zone.
Far zone
In the far zone, where
, the basic equation (94) takes the form
In this case the plasma charge density is the main producer of the electric field, the axionically induced electric field associated with the magnetic charge can be considered as vanishing. The solution to (95) can be presented in the following form:
Clearly, this function satisfies the initial condition Θ(x * ) = 0 automatically. The constant of integration has to be chosen as follows:
if we assume, that the potential Θ(x) is characterized by the following asymptotical behavior:
Indeed, combining (96) and (97) we can rewrite the electric potential in the form
and consider the limit x → ∞. Using the L'Hospital rule for the first and second terms we obtain
In order to illustrate and motivate the choice of the constant of integration C * , let us consider the very far zone, in which N → 1, and the source J (x) in (95) takes the form
The integral with this function can be calculated analytically yielding
The growing branch of this solution can be eliminated if and only if
Thus the solution for the electromagnetic potential in the very far zone is of the Coulombian type
Integration in (54) yields now
where the following auxiliary parameters are introduced
Asymptotic value of the axionic field is the constant equal to Fig.3 contains illustrations of the profile of the function Φ as the function of the variable x and of the guiding parameter a.
Near zone
In the near zone, where
<< r A λ D , the term with axionic scale parameter r A is the leader order term; in this limit we have to solve the equation where the function we search for is
In terms of variable x, the equation (108) can be written as
where the source termJ is of the form
The linear equation (110) is an inhomogeneous version of the Fuchs-type equation (73) with
Using the Fuchsian condition (75) we obtain additionally β = 1. Formally speaking, when the fundamental solutions Y (1) (x) and Y (2) (x) to the homogeneous equation (110) are reconstructed, we obtaiñ
where Y * is the particular solution to the equation (110): ; the third value relates to the parameter Q * .
The general feature of these curves is the presence of maximum of the electric potential at x = xmax in the near zone; at x < xmax the electric field
is positive, at x > xmax it is negative. Since the electric field changes the sign, we deal with the example of plasma stratification.
The Wronsky determinant W (x) is represented using the Liouville theorem as follows: In the regime eaΨ kB T0 << 1, the key equation for the super-potential Ψ (57) transforms into
Clearly, only the plasma source I * and the plasma screening radius R * predetermine the behavior of the super-potential; the axionic parameters do not enter the equation for the super-potential in contrast to the case ν = 0, and in this sense we deal with a kind of "pure relativistic Pannekoek-Rosseland" model. The results for non-relativistic and ultra-relativistic plasmas can now be extracted from the corresponding paragraphs of the previous Subsection. For instance, for the superpotential Ψ one can use solutions obtained for Θ (94) with µ = 0, and then find the axion field with the source correspondingly reconstructed.
V. RELATIVISTIC BOLTZMANN ELECTRON-POSITRON PLASMA
Let us consider the electron-positron plasma, for which m p = m e = m, e p = −e e = e and N p = N e = N . When the axion field is absent, the equation for the electric field takes the form We introduce again the super-potential (56) and obtain directly that it obeys the equation, which differs from (117) only by the replacement Θ → Ψ:
Again, there is the trivial solution to this equation, Ψ(r) ≡ 0, and the condition Ψ(r * ) = 0 is satisfied by definition. This trivial solution can be realized if, e.g., Ψ ′ (r * ) = 0, but this requirement, which connects the values of electric and axionic fields on the sphere r = r * , is specific. In general case Ψ ′ (r * ) = 0, and the solution is not trivial. Both cases are interesting in our model; let us start with the first one.
The model of self-compensation of the Lorentz force
When we consider the equation (118) with conditions Ψ(r * ) = 0 and Ψ ′ (r * ) = 0, we obtain from the theorem of existence and uniqueness that the solution is trivial, i.e., Ψ(r) ≡ 0. In other words, the electric potential Θ(r) is not constant, the radial electric field E(r) is not vanishing, but the profile of E(r) is predetermined by the profile of the axion field. Indeed, when Ψ(r) ≡ 0, the electric potential Θ(r) is
and Φ(r) itself satisfies the equation:
The solution to the last equation is already described (compare with (64)- (69)). The radial electric field is presented by the formula
Clearly, the electric field in plasma is nonvanishing; it is produced by the interaction between the magnetic field of the monopole and the axion field. Nevertheless there is no plasma polarization in this electric field. Why is this possible? The explanation is that in this case the generalized Lorentz force (7) vanishes, since the standard electric field F r 0 is compensated by the axionically induced electric field φF * r 0 .
On the properties of nontrivial solutions
Now we consider the equation (118) with conditions Ψ(r * ) = 0 and Ψ ′ (r * ) = 0, and obtain non-trivial distribution of the super-potential Ψ(r). Master equation for the super-potential in the leading order hightemperature approximation takes the form
λ D is the screening parameter defined above. In terms of dimensionless variable x the master equation (122) converts into
If we consider the case, when the object boundary is far from the horizons, i.e., x * >> 1 > a, the solution to this equation with the condition Ψ(x * ) = 0 can be modeled as follows
This solution takes infinite value at x → ∞. Numerical analysis of the equation (124) confirms this statement. In other words, there are no physically motivated solutions with finite asymptotes, thus it is reasonable to consider the trivial solution Ψ(x) ≡ 0 only.
B. Electron-positron plasma with ν = 0
If the Lorentz force is not modified by the axionplasma coupling, i.e., ν = 0, searching for the electric potential we deal with the following decoupled master equation:
(126) The pseudoscalar field itself can be found from the equation
when the potential Θ is obtained.
In the hightemperature electron-positron plasma, i.e., when eΘ kB T0 << 1, we obtain the reduced equation:
where we introduced the effective screening radius ℜ by the definition
(129) In the ultra-relativistic limit we deal, respectively, with the formula
In the right-hand side of the equation (128) there is only one source term; it relates to the electric field produced by the axion field in the presence of magnetic charge of the monopole. This source guarantees the plasma to be polarized in contrast to the case with ν = 1, the plasma polarization being essential in the far zone. In order to discuss new features of the electric field profile, let us focus on the case r > r * >> r + . Now we deal with the key equation
Using the formula (96) we obtain now
where the constant of integration is chosen as
VII. DISCUSSION
Spectral characteristics of astrophysical objects are sensible to the presence or absence of electric fields in their environs. Astrophysicists search for fine details of the object spectra as fingerprints of electric fields. Theoreticians elaborate simple, complex and sophisticated models for the interpretation of peculiarities of these spectra. We work as theoreticians with the model of axionic magnetic monopole (dyon), which had become a very interesting "theoretical laboratory" after famous work of Wilczek [23] . Indeed, this model includes static spherically symmetric gravitational, magnetic, pseudoscalar (axion) fields, as well as, axionically induced electric field, which interact with one another. We added the relativistic plasma into this model, and considered in detail the plasma polarization, stratification and the compensating electric field generated in plasma in the axionic and gravitational environment.
We considered the relativistic plasma as an example of axionically active system. What is the sense of the term axionically active? We traced three schemes of reaction of the plasma particles on the action of pseudoscalar (axion) field associated with axionic dark matter. The first scheme describes an indirect interaction of the macroscopic type: the collective electromagnetic field in plasma is influenced by the axion field; the interaction of this type is analyzed in the framework of axion electrodynamics. The second scheme describes the direct microscopic interaction of plasma particles with axion field; this interaction is modeled by the generalized Lorentz force (7), into which the term φF * ik is introduced in addition to the standard Maxwell tensor F ik . The third scheme is connected with the influence of the background strong gravitational field: we have studied the axionic analog of the Pannekoek-Rosseland effect of plasma polarization and stratification.
The difference between polarization and stratification in plasma can be visualized using the profile of the compensating electric field. We deal with the effect of polarization, when the profile of the electric potential A 0 (r) is monotonic, and the electric field E(r) = A ′ 0 (r) does not change the sign. The effect of plasma stratification corresponds to the case, when the electric potential has at least one extremum, so that the electric field takes zero values at some radii r s , i.e., E(r s )=0, then changes the sign (see Fig.4 ). Exact results, obtained in the work, show that both effects: polarization and stratification can be visualized in the profiles near the magnetic monopole with axionic environment (the axionic dyon). How one can distinguish physical conditions, which guarantee the presence of stratification, and when the only the plasma polarization exists? The answer is connected with the sophisticated interplay between guiding and structure parameters of the model.
In the model under discussion there are three guiding parameters and one structure parameter with the dimensionality of length (in other words, there are four scale parameters). The first guiding parameter, K, appeared in (51) as a constant of integration; in fact, it plays the role of effective axionic charge (see, e.g., [29, 30] for details). The second guiding parameter, r A = µ Ψ0 , describes the scale of an axionically induced conversion of the magnetic field into the electric. The third one, λ D , characterizes the radius of screening in the Boltzmann plasma; an analog of this parameter in the degenerated plasma with zero temperature is the Fermi radius, r F (see (47)), at which the electron gas number density vanishes. The structure parameter, r + , (3), describes the radius of an outer horizon of the dyon with the Reissner-Nordström metric.
The guiding parameters predetermine the properties of solutions of the key set of two coupled master equations, to which the total system of axionic, electromagnetic and kinetic equations was effectively reduced. We mean the equation of axion electrostatics (see (43) for the Boltzmann plasma, and (46) for the degenerated electron gas), and equation of axion field (51). The procedure of decoupling of these two key master equations faced us with the necessity to analyze the Fuchs-type equations (73). Fortunately, equations of this type attracted the attention of mathematicians from twenties of the last century; many properties of these solutions, which can be indicated as special functions of mathematical physics, are well-documented in literature. We quote the mathematical works, in which these functions are studied, and, in addition, we use numerical calculations and typical plots for the illustration of main conclusions (see Figs. 1-4) .
What the main conclusions are? 1. When we deal with relativistic Boltzmann electron -ion plasma, the plasma polarization and electric field near the axionic dyon can be formed as follows. First, due to the Pannekoek -Rosseland effect, induced under the influence of the strong gravitational field, the isothermal plasma becomes polarized, and the compensating radial electric field appears. This collective electric field in plasma is influenced by the axion field on both: the microscopic and macroscopic levels (via the electrostatics equations and via the generalized Lorentz force, respectively). Second, the radial electric field generated by the magnetic field of the monopole in the axionic environment, additionally polarizes or depolarizes the plasma, depending on the sign of the effective axion charge; if the Pannekoek-Rosseland electric field and this axionically induced field act one against the other, it can lead to plasma stratification in the near zone of the dyon. Third, the electric field is screened by the polarized plasma, thus providing the last structure element in the charged particles density near the dyon. Thus, the first conclusion is: in the relativistic Boltzmann electron -ion plasma three principal plasma configurations and three electric field profiles can be formed, which are indicated as follows: first, the simple plasma polarization, when the axionically induced electric field is directed along the PannekoekRosseland field; second, the plasma stratification, when the Pannekoek-Rosseland electric field is directed contrarily to the axionically induced electric field; third, the profile related to the compensation of two mentioned electric fields.
2. When we deal with relativistic Boltzmann electron -positron plasma, the Pannekoek-Rosseland effect is absent because of the equivalence of the masses of electrons and positrons. Thus, the scheme of formation of the electric field is simpler than the one described above. Nevertheless, the axionically induced electric field again polarizes the plasma, and plasma back-reaction and screening form the final sophisticated profile of the coupled electric and axionic fields. The second conclusion is that in the relativistic Boltzmann electron -positron plasma also one can find the plasma polarization, stratification and the self-compensation of the electric field.
3. When we consider the relativistic degenerated electron gas with zero temperature, we deal with the following scheme of formation of the electric field. First, the gravitational field of the dyon influences the Fermi momentum of electrons, P F (r), thus establishing the profile of the local number density N e (r). The inhomogeneity of this profile produces the electric field (which is generated, in fact, due to the gravity field influence). The axionically induced electric field, appeared due to the transformation of the magnetic field of the monopole, again can be directed along and contrarily with respect to the electric field in the electron plasma, depending on the sign of the effective axionic charge. In contrast to the cases with Boltzmann plasma distributed in the infinite range r 0 < r < ∞, the degenerated electron gas occupies the finite zone r 0 < r < r F , the boundary of which is predetermined by the equation P F (r F ) = 0 (see (47)). The third conclusion is that both polarization and stratification can be found in the degenerated electron gas in the vicinity of axionic dyon.
4. In a special work, we hope to make estimations, to formulate some observational prognoses and apply these theoretical predictions to the real astrophysical sources with strong magnetic field.
